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Lecturesin Mathematics

The following lecture introduces the Legendre polynomials.

It includes their derivation, and the topics of orthogonality,
normalization, and recursion.

|. General Formula

We start with a solution to the Laplace equation in 3 - dimensional space:

AU=0
A solutionis;
U=-1 rol =0

| ?—rol

Let usintroduce the spherical coordinate system. The z-axisis along .

In this system the axial symmetric Laplace equation looks as follows:
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Solution (2) is:

u= —1 (4)
V1-x+2
X =CoSs 6

Equation (3) can be rewritten as follows:

1 0 ,20U 190 A 0U
Zoa o T = (5)

For (r<1) the function U(r,x) can be presented by a power series:
U=3%r"Pr(x (6)

P, (X) are polynomials. They are called "L egendre's Polynomials” .

Let x=1in Equation (4), Then,
— 1 _ 1 _ 2
Us —— = Z=1+r+r2+... (7)
(1-r?)°

Comparing (7) and (6) we get

Pn(l) =1

By pluggin (6) into (5) we find that P,(x) satifiesthe equation :

2 1= e npy = 0 ®
OX 0X "

ThisisLegendre's Equation.
We can seek its solution in the form of a power series:

Pn=2a X« ©)
By plugging (9) into (8) we get:

(k+2)(k+1)ay, 2+ [n(n+1) - k(k+1)]a =0
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— _(n-k) (n+k+1)

2=z a0

Condition (10) is satisfied if P,(X) is presented by the series

— 1y _(D*@n-2K! | n-2k
Pn(x) = 7 2k=0 ki (n—K)! (n-2K)! X" (11)

The series (11) isterminated as far as one of the factorialsin the
denominator becomes infinite

Remember that
ni= [ttetdt

Hence, n! = oo, If Nisanegative integer

Relation (10), proving satisfaction of equation (8) can be checked
by the use of (11) immediately.
To be sure that P(1) = 1, we formulate the following:

Theorem
Pn(x) can be presented by the Rodriges formula:

Pn = 5 25 (%2 - 1) (12)

IR

Indeed (x2 - 1)"= 332, - (Qik)! (— Dk x2 (=K

" 2(n-k) = 2n=2K)! | 2(n-k)
6x”X (n-2k)! X

By comparison with (11) we obtain the desired resullt.
Then,

Pa(X) = e 25(x— D"(x + 1)" (13)
Let x - 1, Inthislimit we should differentiate only (x — 1)",

otherwise we get zero.

P(l)==2n1+D)" =1

2"n!




[1. Orthogonality

L et us consider equations for Py, Pr,
(14)

2 (x2-1) 22 +nn+1) P, =0

2 (x2-1) 2 +m(m+1) Py=0

From (14) we get
oP,

Pri (- 1) -Prae (x2-1) Zm s [n (n+1) -

()¢

1. Orthogonality

Let P,(X), Pyly) - two polynomials, satisfy the following equations:

2 (x2-1) Z2+n(n+1) P, =0

dx OX

2 (- 1) 2 + mm+1) Py =0

Let usmultiply (1) by P, and (2) by P,, and subtract, we get:
P (= 1) 22 - Py 2 (2~ 1) 22 + [n(n + 1) - m(m+1)]P,Py= 0

OX

Equation (3) can be presented as follows:
2 (X2 1) (Pm % Py GE) +[n(n + 1) - m(m+1)]P, Py = 0 (4)

dx
After integration of (4) by x we get:

(1-x2)(PmZn-P é’F’m)| +[n(n+ 1) - m(m+1)] [,PyPmdx=0

Hence,

[5,PaPmdx =0
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2. Normalization

U(X,r) = ——— = 3 1 r"Pp(X
( ) \/m ZW—O n( )

UX(X,) = 5 = SoXimeo’ ™ ™Pn(X)Pm(X)
After integration by x we get:

[ 11U2(x,r)dx =Yoo o2 [ 11Pn2(x)dx

+1

1,12 1 _ 1 1 1 _ 1ya(1-r\2
J;U%dx = 1m = flx (1) == 57 In(x~ §(r+ E))Jl"iln(m)
1 — _ 00 r2n
=2(In(2+r) - In(1-r)) = ?(r +§ + §+ w) =2 005
Hence,

f P.2(X) dX = 2n+1

3. Recursion Relations

U:;1
(1-2xr+r?)z

ou _ X-r

dr— 1-2xr+r?

(1-2xr +r2) &= (x-nu

U = 352 MPr(X)

au = 32 1P (X) = 32 o (N + 1) rPpsa(X)
r—— 2Nr"Pr(x)

23 = L™ P00 = Ba(n = D 1P a(x)

rU =32 M IP(x) = 322 r"P_1(x)
Collecting al together we get:
Y1 (n+ DPpy1 - X((2n+1)Pp+nPp_y (X)) =0

Finally, we get the recursion relation
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Then,

ou_ _ r

dx  1-2xr+r?

ou _ X-r

dr = 1-2xr+r2

(X r)@_U = r_

rW= 2Nr"Pp(x)
~=2I"Pn'(X)

X@_U = >r"xP,'(X)
T 52= — P (0) = — 2Pt ()
Thus, we get

Pn' = XPn_1' = NPy




